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‘Consider ye the seed from which ye sprang: 
 ye were not made to live like unto brutes, 

      but for pursuit of virtute and knowledge. 
      So eager did I render my companions, 
      with this brief exortation, for the voyage, 
      that then hardly could have held them back. 

. 
Dante, The Inferno XXVI  
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    In memory of Emma Castelnuovo
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INTRODUCTION 
 

I   FEDERICO COMMANDINO AND THE DISCLOSURE 
      OF THE ANTIQUE WRITTEN OF MATHEMATICS 
  
 

The evolutionary impulsion imposed on the present society by the 
spread of computer technology reminds us of the great acceleration 
that the Gutenberg’s movable types printing invention, in the mid-
fifteenth century, gave to the knowledges diffusion, which at the end 
of the century, facilitated the so-called scientific revolution. In the 
last years of the fifteenth century hundreds of thousands of books, 
writin with this new technique, were circulating, and many literates, 
artisans, soldiers, architects and students could easily access texts 
unavailable in the past for their rarity, as handwritten or products 
with primitive print shapes. 

 In the sixteenth century the books took on a form more 
resembling to the modern one. They were no longer a simple 
translation of handwritten texts, but they had a new formatting: 
author, title, frontispiece, dedication, privilege, etc. The power of 
the new invention increased interest in ancient writings of 
mathematics, astronomy and natural philosophy. Numerous authors 
devoted their intelligence to the print edition of ancient manuscripts. 
In 1482 the Euclid’s Elements came out for the first time in Venice 
by Erhardus Ratdolt's printing-shop1. Niccolò Fontana from Brescia, 
better known as Niccolò Tartaglia, translated "Euclid’s Elements for 
common use and utility from Latin to Vulgar" and published them 
for the first time in 1543 in Venice 2. Thomas Gechauff, better 
known as Thomas Venatorius, published in Basel in 1544 the 
complete  Archimedes work in Greek3 

In Italy Federico Commandino published many greek ancient 
mathematicians works into latin, reaching a clear fame.4 Federico 
was born in Urbino in 1509 and the cultural climate of the city 
certainly had an important role in his intellectual development. His 
father, Giovan Battista, had been the military architect who, on 
behalf of Francesco Maria I della Rovere, had reinforced Urbino's 
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walls to adapt them to resist to the growing artillery, his grandfather 
had been secretary of Federico da Montefeltro (†1482). This prince  
in the course of his life besides the art of war, had cultivated liberals 
arts by protecting artists and literates and had created a library that 
was considered one of the most illustrious. Federico Commandino 
studied medicine in Padua by completing his studies in Ferrara. He 
became the personal physician of Cardinal Ranuccio Farnese, 
brother-in-law of Guidobaldo della Rovere Duke of Urbino, from 
wich he gained protection. During his life, however, he was 
especially attracted to mathematics, and devoted his intellectual 
work to the edition of ancient texts, transcribing them from 
manuscripts that, being received through the long medieval ford, 
were sometimes in poor conditions, as in the case of De 
Magnitudinibus.  

 In 1558 Commandino published the Archimedis Opera non 
nulla  containing Circuli Dimensio (cum commentariis Eutocii 
Ascalonitae), De Lineis Spiralibus, Quadratura Paraboles, De 
Conoidibus, & Sphaeroidibus, De Arenae Numero. In the same year 
he published Ptolemaei Planisphaerium Iordani 
Planisferium Ptolemaei Planisphaerium Commentarius, 
elaborating a text of 1536, printed in Basel by Johann Walder, this 
book included several works, among which the Ptolemy planisphere, 
drawn from a Latin manuscript dating from Tholosae Calendis Iunii 
anno domini MCXLIIII in turn version of an arabic text, and the De 
planisphaerij figuratione of Jordanus Nemorarius, which treat 
about the projection stereographic of the celestial vault on the 
equatorial plane. In 1562 he published in Rome the Liber de 
Analemmate of Ptolemy, a work dealing with gnomonics, that is the 
study of the solar positions. It is possible in fact to obtain the local 
time from the position of the sun, detecting the shadow projected by 
a reference, called gnomon, on a flat surface; the simplest gnomon 
is made up of a shaft fixed in the ground that projects its own shadow 
over the surrounding area. It is known that in the construction of 
solar clocks, commonly called sundials, it must be borne in mind 
that the shadow of the gnomon varies not only with the hours 
passing, but also with the latitude of place and with the seasons; 
these different parameters must therefore be known and correctly 



9 
 

 

used by the designer. In the famous solar clock of the San Petronio 
Basilica in Bologna, designed by Egnazio Danti, rebuilt and 
expanded in 1655 by Gian Domenico Cassini, instead of a shadow, 
an eye of light is projected onto the floor surface, generated by a 
small hole in a wall perimeter of the church. Solar clocks of this size 
also allow to carry out with great accuracy other measurements 
taken from the position of the sun, with which the equinoxes, the 
cardinal points, the length of the tropical year etc. are determined. 
To the book of Ptolemy Commandino also adds a personal 
contribution for the realization of such instruments. The author did 
not have a Greek text and he used a Latin translation of a Arabic 
text. In 1565 he published the Archimedes' treatise on floating 
bodies and in the same year the Liber de centro gravitatis 
solidorum. The Commandino as translator is consolidated as an 
author; in fact, in the dedication to Cardinal Alessandro Farnese we 
read that he examines “perdifficilis et perobscura quaestio de centro 
gravitatis corporum”, he then extends its search to the center of 
gravity of solid figures. Indeed only in 1908 will it be discovered by 
Heiberg in Constantinople the palimpsest that contained the Method 
on mechanical theorems, a writing of Archimedes to Eratosthenes, 
in which are also determined the barycenters of some solids 5. The 
definition of center of gravity exhibited at the work beginning, is 
drawn from the eighth book of the Mathematicae Collectiones 
by Pappus and is reported by Commandino both in Greek and in 
Latin version: “Dicimus autem centrum grauitatis uniuscuiusque 
corporis punctum quoddam intra positum, à quo si graue appensum 
mente concipiatur, dum fertur quiescit; & seruat eam, quam in 
principio habebat positionem: neque in ipsa latione circumuertitur”. 
6 

 In 1566 he published in Bologna Apolloni Pergaei 
Conicorum libri quattuor e Sereni Antinsensis philosophi 
libri duo. 
 Commandino, who returned to Urbino after the unexpected death 
in 1565 of Cardinal Ranuccio Farnese, met in 1570 the Joannis Dee 
from London, a mathematician and lover of esotericism, who had 
collaborated on the publication of the Elements of Euclid in English. 
Dee had the Latin translation of Euclid's text on the division of flat 
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figures based on a manuscript in Arabic, this work was published in 
Pesaro with the two authors' names. The work, written in Latin and 
dedicated to Francesco Maria II della Rovere, was also translated 
into Italian by Fulvio Viani: “or persuadendomi adunque che ella se 
è piaciuta a V E. ne l’habito latino, non habbia a dispiacerle in 
questo nostro vulgare” 7. 

 In 1572 he published Euclidis Elementorum libri XV, his 
most famous work, on request (rogatu iussuque) by Francesco Maria 
II della Rovere, Duke of Urbino, a Latin translation of Greek 
manuscripts.  

 In the same year he published Aristarchi de 
magnitudinibus et distantiis solis et lunae liber. 

 In 1575 the Elements were also published in Italian, from the 
dedication to the Duke of Urbino, signed by the son-in-law Valerio 
Spacciuoli, we learn that Commandino had just the time, before 
dying, to see the printed output. This Italian version, edited by his 
pupils under his supervision, had been requested by many to allow 
access to this work also to those who are not familiar with the Latin 
language. Moreover, the author had always said that the only aim of 
his life, and also why he had abandoned the practice of medicine, 
had been to come to the aid of those who wanted to devote himself 
to mathematical studies 
 In 1575 it was also published posthumously Heronis                                                    
Alexandrini Spiritalium liber, a short brochure that deals with 
various pneumatic devices such as siphons.  In 1588, Guidobaldo 
dal Monte, his favorite student, published the Matematicae 
Collectiones of Pappus with the commentaries of the 
Commandino. Editions of his works have continued in the following 
centuries edited in various countries by different authors.  
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II  ARISTARCHUS OF SAMOS 
       
 

 The book on the magnitudes and distances of the sun and the 
moon is the only work of Aristarchus that has come to us. Vitruvius, 
in the first book De Architectura, counts him among the seven great 
mathematicians of the past together with Philolaus and Archytas of 
Tarentum, Apollonius of Perga, Eratosthenes of Cyrene, 
Archimedes and Scopas of Syracuse. We know that Aristarchus, 
mathematician and astronomer, lived before Archimedes, who died 
in 212 BC, because the great Syracusan dedicates to him some 
passages of the famous script Ψαµµίτης (Psammites or, in the 
Latin version, De arene numero or Arenarius8) in which he 
proposes to calculate the number of sand grains which can be 
contained in the whole universe. The work of Aristarchus has 
survived through numerous manuscripts in Greek, the oldest and 
most famous of which is contained in cod. Vaticanus Græcus 204 of 
the tenth century.9, but Commandino does not refer to which sources 
he drew for his translation. 

 Remarkable is the impact that the work produces on the reader; 
the hypotheses necessary for the subsequent demonstrations are in 
fact proposed in a concise, immediate and axiomatic form, 
surprising, if one thinks, they were formulated in the 3rd century 
BC. Based on these assumptions, Aristarchus builds a credible 
theory adapted to evaluate not easily quantifiable cosmic 
dimensions, rather commonly perceived as mysterious, and so he 
opens the way to further speculations. In his short treatise he does 
not mention any personal observation of the sky, indeed he much 
less care to provide an evidentiary basis for his assumptions, indeed 
his intent is to prove, with mathematical reasoning, some 
propositions from the initial axiomatic statements. Essentially the 
correctness of his theory relates to the assumptions, and any 
quantitative changes to the same hypotheses involve a quantitative 
change of the demonstrated deductions. This fact deserves some 
considerations.  



12 
 

 

The sizes and distances of the sun and the moon calculated by 
Aristarchus are not close to those we find today, the average distance 
of the sun from the earth, for example, is today valued at 
approximately 390 times the average distance of the moon from the 
earth and not 18-20 times, as instead Aristarchus had calculated and  
this happens not for lack of mathematical proof but because the 
assumption of the fourth hypothesis of De Magnitudinibus, i.e. the 
estimation of the moon elongation at quadrature10 (the instant of the 
first or last quarter), it turns out, to today's technically advanced 
observations, of 89 ° 51 'and not 87°;  this difference, less than 3 °, 
involves a considerable underestimation of the earth to sun 
distance11. Howewer we must consider the fact that determining the 
exact moment in which the moon is at the first or last quarter, to 
measure its elongation, is not easy without high precision 
instruments. 
But there is another objection that can be raised to Aristarchus: 
having incorrect in the evaluation of the lunar diameter equal, 
according to him, to one-fifteenth of a zodiac sign that is 2 °. This 
measure could easily be determined with greater accuracy even with 
simple technical means (just look at how long the lunar disk passes 
through a taut wire), so much the same Pappus, in the commentary 
to the initial hypotheses of Aristarchus, reports that Hipparchus 
evaluates the width of the moon in about 0 ° 27 'and Ptolemy in about 
0 ° 31'. It is evident that Aristarchus did not give significant weight 
to the accuracy of the astronomical measurements indicated by him, 
since he has the intention to expose a calculation method that could 
be later used with greater accuracy. Today we would say that he was 
a theorist and not an experimental one. 
 Thomas Heath12 points out that in the work of Aristarchus 
important relationships between angles and sides of a triangle are 
already being indicated; in proposition VII, for example, he 
determines the approximate value - between 1/20 and 1/8 - of the tan 
of 3°.The well known trigonometric functions - sin α, cos α, tan α 
etc - they will be exhibited in later times, but it is during the 
Hellenism that spherical and flat trigonometry are born with the 
calculation of the circumference strings as a function of the angles 
at the center that subtended them.13 Aristarchus is mainly known 
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because he was one of the first supporters of the heliocentric theory 
opposed to the geocentric theory instead supported by most 
astronomers of his time and also of the later times; yet in this one 
work which he has received, he makes no heliocentric hypothesis. 
We know about this position from other authors and the first to give 
us this information was Archimedes who writes about it in 
Ψαµµίτης: “He (Aristarchus) in fact supposes that both the fixed 
stars and the sun itself are motionless, while the earth is carried 
along a circumference around the sun, which is located at the center 
of the circular path, and that the same sphere of fixed stars,  situated 
around the same center together with the sun, is so great that the 
circumference along which he supposes that the earth to moves, is 
in relation to the distance of the fixed stars as the center of the 
sphere relative to the surface. But now it is clear that this cannot be, 
because not having the center of the sphere any dimension cannot 
be conceived any relationship with the surface of the sphere. We 
must instead assume that Aristarchus wanted to say this: since we 
believe that the earth is at the center of the universe, the ratio that 
the earth will have to what we call the universe is equal to the ratio 
that the sphere containing the circle, in which he supposes that the 
earth turns, has to the sphere of the fixed stars.”14 
 In his short treatise on the distances of the sun and moon there is 
therefore no trace of this theory that actually appears is not 
influential for the methodology used by the author to evaluate the 
distances of the sun and moon from the earth. Thomas L. Heath in 
his classic book on Aristarchus believes that two reasons may 
explain the absence of the heliocentric hypothesis in this work: that 
Aristarchus's acceptance of this hypothesis is subsequent to the 
writing of the book or that this hypothesis is irrelevant. This second 
reason seems more consistent because the heliocentric hypothesis is 
prior to Aristarchus and it is difficult to think that he had not known 
it or had not yet accepted it at the time of writing of the De 
Magnitudinibus.  Copernicus resumed the heliocentric theory many 
centuries after Aristarchus, exposing it in a convincing and organic 
way in the De Revolutionibus Orbium Coelestium Libri VI. In this 
cosmic system the earth behaves like a planet or like a wandering 
celestial body. The heliocentric opinion of Aristarchus, in the past 
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considered a precursor of Copernicus, cannot but remind us of the 
vexed question if it was the sun to orbit around the earth or the 
opposite. This has never been the problem such even if it has been 
described and emphasized as such. Copernicus waited many years 
before deciding to publish his books. This delay was probably not 
due to the lack of conviction for his theory rather for the fact that he 
knew that there would be a strong reaction from conservative circles. 
In fact Copernicus, in his dedication to Pope Paul III, says: 
“However, in order that the educated and uneducated  people alike 
may see that I do not run away from the judgement of anybody at 
all, I have preferred dedicating my carefull studies to Your Holiness 
rather than to anyone else. For even in this very remote corner of the 
earth where I live you are considered the highest authority by virtue 
of the loftiness of your office and your love for all literature and 
mathematics too. Hence by your prestige and judgement you can 
easily suppress calumnious attacks although, as the proverb hasit, 
there is no remedy for a backbiter.” When the first edition took place 
in 1543, Copernicus was dying. A preface was added to his work to 
reduce the blow he might have had on the dominant opinion; in fact 
the Copernican script was presented as a pure mathematical 
hypothesis, thus depriving the so-called real physical meaning. This 
preface, later authoritatively revealed apocryphal by Kepler, was 
added by Andreas Hosemann, better known as Osiander, the 
reformed theologian who was in charge of editing the edition by the 
aid of Georg Joachim von Lauchen, professor of mathematics, also 
better known with the Latinized name of Reticus; he was the one 
who had long urged Copernicus to publish his work. But does it 
make sense to say that the Copernican theory is only a mathematical 
hypothesis devoid of real physical content? If we believe that the 
physical content consists in the descriptive and predictive 
capacity of events controllable by experience (the classic 
φαινόµενα ςώζειν: theories must "safeguard the phenomena", that is, 
be adherent to observational data, in other words be compatible with 
experimental observations)15 then the Copernican hypothesis is 
not without it, since the data contained in the De Revolutionibus 
were used in 1545 for the publication of the Tabulae Prutenicæ; 
these astronomical tables were used by the commission for the 
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reform of the Julian calendar commissioned by Pope Gregory XIII 
in 1582. 
In short, the Copernican theory worked as a practical tool. 
 The system described by Ptolemy in the Almagest was, among 
the precopernican cosmologies, the most accredited; it described the 
movements of celestial bodies taking our earth as a fixed reference 
for the description of their motion. The fixed stars (stellae inerrantes 
i.e. those which maintain their relative positions), in this 
representation, seem to move as if they were pinned on a celestial 
sphere rotating on its axis and drag this into a daily tour; the sun 
motion can be described as occurring along a particular circular orbit 
called the ecliptic and the motion of the planets is described as the 
result of particular traces called deferents and epicycles. 

However, this theory, in the description of the Almagest, proved 
insufficient to describe planetary motion because it was not 
consistent with some astronomical observations. Copernicus, in this 
regard, in the dedication to Paul III states: “So I do not want to hide 
from Your Holiness thath I was impelled to consider a different 
system of deducing the motions of the universe’s spheres for not 
other reason that I realize that Mathematicians do not agree among 
themselves in their investigations”. The intuition of Copernicus was 
therefore to change the usual system of terrestrial reference, that any 
observer, in solidarity with the earth, assumed automatically and 
perhaps unconsciously as the only possible, and consider the sun as 
a new fixed reference, describing in a different way the motion of 
the planets and the earth compared to the same. It follows that the 
earth becomes a planet, which is quite acceptable in a scientific 
reasoning, but evidently difficult for the common sense of the time, 
almost like the term planet, rather than describing a movement with 
respect to a reference that is assumed to be immobile, was offensive 
towards the earth and its inhabitants. In essence, the earth is a planet 
if we take the sun as a reference for the motion of the celestial 
bodies, while it is not if we consider it fixed or it is itself the 
reference of the astral motion. The algorithms that describe the 
motion of the planets with optimal approximation to the solar 
reference are elementary functions, while the algorithms that 
describe the motion of the planets by taking the earth as a reference 
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are more complex. The theory of Copernicus, which modified the 
immobile reference and the consequent new description of planetary 
motions, also contained erroneous assertions, such as the circular 
pattern of planetary orbits and their uniform motion with respect to 
the heliocentric reference, but certainly this does not diminish its 
importance. It was Kepler, after a few decades, to make some 
changes to the Copernican theory by demonstrating that 
astronomical measurements on the motion of the planets, in a 
heliostat reference system, give evidence of non-circular orbits but 
elliptical, with the sun situated in one of the geometric fires of 
ellipses, and for the uneven motion of the planets around the sun,16 
the Copernican theory, rightly called revolutionary because it is the 
bearer of important developments, has in fact constituted a great 
advancement in cosmic knowledge overcoming the millennial 
stalemate. Aristarchus seems to write as if he already intuited the 
relativism of motion; his propositions are valid both in a heliocentric 
reference system as in a geocentric one, he is therefore careful not 
to introduce in his reasoning distortive elements, extraneous to the 
hypotheses and irrelevant to the propositions to be demonstrated. 
Newton exposing the regulæ philosophandi in Philosophiæ 
Naturalis Principia Mathematica – De Mundi Systemate – Book III 
- will write many centuries later: Rule I: We are to admit no more 
causes of natural things than such as are both true and sufficient to 
explain their appearances. To this purpose the philosophers say that 
Nature does nothing in vain, and is in vain make use more things 
than will serve; for Nature is pleased with simplicity, and affects not 
the pomp of superfluous causes.17 

It is striking in Aristarchus the aptitude for calculation with large 
numbers using a numbering system certainly less convenient than 
the current. In proposition XVIII, for example, he calculates that the 
volume of the earth with respect to the lunar volume is between 

ratios 
ଵଶହଽ଻ଵଶ

଻ଽହ଴଻
 e  ଶଵ଺଴଴଴

଺଼ହଽ
 . These numbers appear to us easily 

understandable because in translations for printed editions are 
transcribed with the Indo-Arabic numerals, using this notation in our 
decimal system such ratios, approximate to the third digit, we can 
simply write 15.844 and 31.491. The ancient notation is obviously 
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used in the Greek manuscripts, so these same numbers are written 
like this:18  [ Μ ρκε, θψιβ ]; this reads: ρ=100, κ= 20, ε=5 while М 
indicates that each number is multiplied by 10,000 ie 1.000.000, 200.000, 
50.000 seguito da θ=9, ψ=700, ι=10, β=2 ossia  in totale 1.000.000 + 
200.000 + 50.000 + 9(000) + 700 +10 + 2 = 1.259.712 ; analogically 
[Мζ,θφζ] Мζ=70.000, θ=9, φ=500, ζ=7 ie 
70.000+9(000)+500+7=79.507; the comprehensibility of this 
notation is obviously less easy. 

 

A. M. 
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TO THE MOST ILLUSTRIOUS AND NOBILE 
ALDERAN CIBO MALASPINA MARQUIS OF 

CARRARA 
 
 
After the printing of the Euclides Elements, to 
whose edition i really devoted much effort and 
carefulness, cared for desire and charge of 
FRANCESCO MARIA most illustrious prince,  
sacrificing my free time and my occupation , I    
trought did not go wrong, clear ALDERANO, 
with the intention to disclose another small, 
very precious and ancient book, written by the 
famous philosopher  Aristarchus about 
magnitudes and distances of the sun and of the 
moon, which, for the importance and dignity of 
the subject, and for the singular ability of the 
author and for the almost divine excellence of 
his wisdom, I thougth deserved to come to the 
hands of the men of science , specially 
mathematicians, reviving  from the decay and 
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carelessness of so many years. This book was 
however treated really badly. In fact  this book, for 
the damage of the time or of the copyists, or better 
of both, as well as for incompetence, has been so 
miserably damaged and obliviously deformed (this 
evil indeed spread to a very large extent in all the 
books that are not very old with great 
inconvenience and harm to the learned men) thath 
perhaps, now that I have healed her sores and 
cleaned her stains and adorned of my 
commentaries attached to it, I have put, on my 
side, in this work unlessened study and attention 
than Aristarchus  himself has placed they at the 
beginning. 
So I wanted this book, returned to the original 
splendor, purified and donated by my work to the 
Latin language toghether with some explations of 
Pappus of Alexandria, to be revealed under the 
protection and patronage of your illustrious name, 
both for this to be an example of my perpetual 
affection and respect towards you, so that I may 
now show, without any other interest, how much 
you I exteem and how much I trust in your 
excellent nature and in your distinguished and 
singular ingenuity, both so that you,  born in very 
high position, in great splendor of family, 
surrounded by atavistic glory, wealth, dignity, 
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grace, inflamed with admirable ardor for all the 
viertues and sciences in wich, by your will and 
commitment and by singular constancy, you are so 
advanced that we can not hope from you for 
anything that is not great, supreme, glorious, have 
for this reason in high regard and protect with 
great force the mathematical disciplines for wich I 
know that you burn with incredible passion. That 
Aristarchus was then a eminent and distinguished 
mathematician not only is attest by his writings, in 
which he, throug by another method and based on 
different hypotheses, understood and explained, 
very well and widely for those times, the science of 
eternal bodies, matter in which both Hipparchus 
and Ptolemy later will be experts, althrough it is 
very noble and to be sought after strongly yet so 
far from the common sense of men, but also 
witness to him in a very relevant and authoritative 
way  the book of Archimedes De Arenae numero.19 
In fact, that divine man would not have praised 
Aristarchus in many passages if is doctrine hat not  
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been known and approwed by himself. Moreover, 
he testifies that he was born in Samos; which 
island and city had had in the past Pythagoras, 
inventor of all liberal arts and also a very capable 
teacher, he was so devoted to mathematics that it 
was said that, when he discovered somethings new 
in Geometry, he would sacrifice an ox to the 
muses. It is easy to believe that he was chosen 
especially by Aristarchus as his teacher: in fact men 
who lowe the praise of their fellow citizen, whose 
name they see celebrated, are more eagerly moving 
towards glory.  So welcome my little gift and enjoy 
remembering your Commandino, who honors and 
respect you in an extraordinary way. You’re fine.   
         Federicus Commandinus 
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Aristarchus’s book on the sizes and 

distances of the sun and of the moon. 
 

With commentary from Pappus Alexandrinus 
and rom Federico Commandino 

 
 

 
 

HYPOTHESES. 
 

1. The moon receives light from the sun 
2. The earth is in the relation of a point and centre to the 

sphere of the moon20. 
3. When the moon appears to us halved, the great circle 

which divides the dark and the bright portions of the 
moon is in the direction of our eye21. 

4. When the moon appears to us halved, its distance 
from the sun is then less than a quadrant by one –
thirtieth of a quadrant. 

and from
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5.  
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5. The breadth of the shadow is that of two moons. 
6. The moon subtends one fifteenth part of a sign of the 

zodiac. 
 From this it is deduced that the distance of the sun is greater than 

eighteen times, but the distance of the moon less than twenty times, this 
follows from the hypothesis about the halved moon, and thath the diameter 
of the sun has the same ratio to the diameter of the moon. But still we 
deduce that the diameter of the sun has a ratio with respect to the diameter 
of the earth certainly greater than 19 to 3 but less than 43 to 6, because of 
the relationship of distances, for the hypothesis on the shadow and for the 
fact that the moon subtends the fifteenth part of a zodiacal sign. 

 

Pappus in the sixth book of Matematicae 
Collectiones 

 
 Aristarchus, in his book on sizes and distances of the moon 

and of the sun, lays down these six hypothesis: 
1.      That the moon receives light from the sun 
2. That the earth is in the relation of a point and centre to 

the sphere of the moon 
3. That, when the moon appears to us halved, the great 

circle which divides the dark and the bright portions of the 
moon is in the direction of our eye. 
4.       That, when the moon appears to us halved, its distance 
from the sun is then less than a quadrant minus one thirtieth 
of a quadrant, i.e. eighty-seven times, these are actually 
smaller for three parts, compared to ninety parts of a 
quadrant, which are the thirtieth part of ninety when the 
moon appears to us halved, its distances from the sun is then 
less than a quadrant minus one-thirthiet of a quadrant, i.e. 
eighty-seven times, these are actually smaller for three parts, 
compared to ninety parts of the a quadrant, which are the 
thirtieth part of ninety 

5. That the breadth of the shadow is of two moons22  
6. That the moon subtends one fifteenth part of the zodiac. 
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The first, third, and fourth of these hypothesis agree pretty 
good with the hypothesis of Hipparcus and Ptolemy; indeed the 
moon is illuminated by the sun at all times except during an 
eclipse, when it becomes devoid of light sinking into the conical 
shadow that the sun in opposition throws from the earth, and 
the circle, dividing the milk-white portion, caused by the sun,  
from ashy portion, wich is the color of the moon,  is in the 
direction of our eye, itself indistinguishable from a great circle  
observed when moon, in relation to the sun position, appear 
halved very nearly a quadrant in the zodiac. This plane of the 
circle, if produced, will in fact pass through our eye in 
whatever position the moon is when for the first or second time 
it appears halved. The aforementioned mathematicians, as 
regard the remaining hypothesis, have taken a different 
position, since, for according to them, the earth has the relation 
of a point and centre to the sphere of the fixed stars but neither 
to the sphere in wich the moon moves, nor the shadows breadth  
is  that of two moons diameters23, nor the moon’s diameter 

subtend one fiftheenth part of a sign of the zodiacal circle, at 

its average distance, that is 2 parts24. According to Hipparcus, 
the moon’s diameter is contained 650 times into this circle and 
2 ½ times into shadow’s circle, at its mean distance in the 
conjunctions25. According to Ptolemy the moon’s diameter 
subtends a circumference of 0.31.20, when the moon is at its 
greatest distance, and 0.35.20 when at its least distance. The 
diameter of the shadow’s circle26 0.45.38 when the moon is at 
its greatest distance, 0.46 when the moon is at its least distance. 
Hence themselves calculated different ratios of both the 
distances and of the sizes of the sun and the moon.  Therefore 
Aristarchus, stating the aforeside hipotheses, writes  word for 
word: 

Now we can prove that the distance of the sun from the earth 
is greater than 18 times, but less than 20 times, the distance of 
the moon, and the diameter of the sun has the same ratio to the 
diameter of the moon: this follows from the hypothesis about 
the halved moon. 



34 
 

 

 



35 
 

 

  
Again the diameter of the sun is to diameter to the 
earth in a greater ratio than that wich 19 has to 3, but 
in a less ratio than that which 43 has to 6; this follows 
from  distances ratio, from the hypothesis about the 
halved moon and from the hypothesis that the moon 
subtends one fifteenth part of a zodiacal sign. He sais: 
“it can be deduced”, that does imply that he will to prove these 
things, after giving the preliminary lemmas usefull for the 
proofs. From all these tings he concludes that the sun has to the 
earth a ratio greater than that which 6859 has to 27, but a ratio 
greater than that wich 79507 has to 216; that the diameter of 
the earth is to the diameter of the moon a greater ratio than 
that which 108 has to 43, but in a less than that wich 60 has to 
19;  that the earth is to the moon in a greater ratio than that 
wich 1259712 has to 79507, but in a less than that wich 216000 
has to 6859. 

  But Ptolemy in the fifth book of Magnae Constructiones 
proved that, hif the half-diameter of the eart is taken as the 
unit, the greatest distance of the moon at the conjunctionis is 
64.10, the greatest distance of the sun 1210, the half-diameter of 
the moon 0.17.3327 and the half-diameter of the sun 5.3028. In 
consequence, if the half-diameter of the moon is taken as the 
unit, the earth’s diameter is 3+ 2/5 times, the sun’s diameter 
18+4/5 times. The earth’s diameter is is 3+2/5 times the moon’s 
diameter. The sun diameter is 18+4/5 times the moon’s 
diameter and 5+1/2 times the diameter of the earth29. From 
what has been said the ratios between the solids figures are 
manifest. Since the cube on 1  is 1, the cube on 3+2/5 is very 
nearly 39+1/4 and the cube on 18+4/5 very nearly 6644+1/2: is 
the solid size of the moon is taken as a unit, that of the earth 
will be 39+1/4 and that of the sun 6644+1/2 of such units.  
Therefore the solid size of  the sun is very nearly 170 times 
greater than that of the earth. This is what can be said up to 
now comparing the aforementioned magnitudes and distances.
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PROPOSIZION  I. 
 
 One and the same cylinder comprehend two equal spheres, 

one and the same cone two unequal spheres wich has his vertex 
in the direction of the lesser sphere; and the straight-line, 
drawn through the centres of the spheres, is perpendicular to 
each of the circles in wich the surface of the cylinder, or of the 
cone, touches the spheres. 

 
 

Let there be equal spheres and let the points A B be their centres. 
Let A B be joined and produced: let a plane be carried through A B 
this plane will cut the spheres in great circlesA.. Let these great 
circles be CDE and FGH; let be drawn from A B straight-lines CAE 
& FBH at right angles to A B30; and let C F be joined. Thence, since 
CA & FB are equal and parallel, consequently will CF & AB be 
equal and parallel; CFAB will be a parallelogram: the angles at C & 
F will be rightB.  So the straigt-line CF touches the circles CDE &  
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FGHC. If now, AB remaining fixed, the parallelogram AF and the 
semicircles KCD & GFL be carried round and again restored to the 
position from which they started, the semicircles KCD & GFL will 
move in coincidence with the spheres, the parallelogram AF will 
generate a cylinder D, the bases of which be the circles about the 
diameters CE & FH, at right angles to AB, because throughout the 
whole rotation CE & FH remain at right angles to AB and it is 
manifest that the cylinder’s 
surface  touches the spheres, 
since CF throughout  the whole 
rotation touches the semicircles  
KCD & GFL. Again, let the 
spheres be unequal, and let A & 
B be their centres, let A the 
centre of greater sphere. I say 
that the aforeside spheres are 
comprehended by one and the 
same cone  which has its vertex 
in the direction of the lesser 
sphere. Let A & B be joined, 
and let a plane be carried 
through AB, this plane will cut 
the spheres in circlesE. Let the 
circles be CDE & FGH; 
therefore the circle CDE will be 
greather than the circle FGH. So 
that radius of the circle CDE is 
also greater than the radius of 
the circle FGH. Now it is 
possible to take a point, as  
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K31,F, such that , as the radius  of the circle CDE is to the radius of 
the circle FGH, so is AK to KB: let the point K  be so taken, let  KF 
be drawn tangent the circle FGH and  let F&B joined. Then, through  
A, let AC be drawn parallel to BF, let C&F joined. Then since as 
AK is to KB so is AD to BN and  AD is equal to AC and BN to BF, 
therefore, as AK  is to KB, so AC to BF and AC is parallel indeed 
to BF. Therefore CFK is a straight-lineG, now the angle KFB is 
rightH, therefore the angle KCA is also rightK and consequently KC 
touches the circle CDEL, let CL & FM be drawn perpendicular to 
AM. If now, KX remaining fixed, the semicircles XCD & GFN and 
the triangles KCL & KFM be carried round and again restored to the 
position from wich they started, the semicircles XCD e GFN will 
move in coincidence with the spheres, the triangles KCL & KFM 
will generate conesM the bases of wich are the circles about the 
diameters CE & FH which are at right angles to KL axis, the centres 
of which being L & M and then the cones will touch the spheres 
along their surfaces, since  KFC also touches the semicircles XCD 
& GFN throughout the wole rotation. 
 

 
Federico  Commandino 

 
A. Will cut the spheres in great circles: from first proposition of 

Teodosii Sphaerica. 

B. The angles at C & F will be right to CF: from proposition 34 of first 
book of Euclid’s Elements, in fact the opposite angles of the 
parallelograms are equal and since those to AB are right, then those 
to CF are right. 

C. So the straight line CF touches the circles CDE & FGH: from 16° 
proposition of third book of Elements. 

D. The parallelogram AF will generate a cylinder: from 21° definition 
of eleventh book of Elements.
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E. This plane will cut the spheres in circles: from the first proposition 

of  Teodosii Sphaerica. 

F.  It is possible to take a point as K: we will find that point this way. 
Let be draw on the other side the radius of the greater circle 
 

CDE and let AD be said:  AO be carried on the same AD, equal to 
the radius of the lesser circle: and as DO be to OA so AB be to other 
which is BK. Componendo,32 as DA is to AO, i.e. as the radius of 
greater  circle is to the  radius of lesser circle, so AK will are to KB. 

G. Therefore CFK is a straight line: i.e. if from point C we draw a 
straight line to point K, this will carried through F. We have 
demonstrated this in commentary to tenth proposition of Archimed’s 
book ”De ijs quae in aqua vehuntur33”,first lemma. 

H. Now the angle KFB is right: from 18° proposition of third book of 
Elements.   

K. The angle KCA is also right: from 29° proposition of first book of 
Elements. 

L. And consequently KC touches the circle CDE: from 17° proposition 
of third book of Elements. 

M.  The triangles KCL & KFM will generate cones: from 18° definition 
of eleventh book of Elements. 

 
 

PROPOSITION II 
 

If a sphere be illuminated by a sphere greater than itself, the 
illuminated portion of the former sphere will be greater than a 
hemisphere. 
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Let a sphere, the center of 

which is B, be illuminated 
by a sphere greater than 
itself the centre of which is 
A. I say that the illuminated 
portion of the sphere, the 
centre of which is B, is 
greater than a hemisphere. 
Since two unequal spheres 
are comprehended by one 
and the same cone which 
has its vertex in the 
direction of the lesser 
sphere, let the cone 
comprehending the spheres 
be and let a plane be carried 
through the axis, thisA  
plane will cut the spheres  
in circles and of course the 
cone in a triangleB so its 
will originate in the sphere 
the  circles CDE FGH and in conus the triangle CEK. It is manifest 
that the portion of the sphere towards the circumference FGH, the 
base of which is the circle about the diameter FH, is the part 
illuminated by the portion of the sphere towards the circumference 
CDE, the base of wich is the circle about  the diameter CE and at 
right angles to the straight line AB, in fact the  circumference FGH 
is illuminated by the circumference CDE since  CF & EH are the 
extreme rays: and B is the centre of the sfere within  the arc FGH. 
So that the illuminated portion of the sphere is greater than a 
hemisfere. 
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Federico Commandino 
 
 

A.  This plane will cut the spheres  in circles: from 1° book of Teodosii 
Sphaerica, as it has been said above. 

B. And of course the cone in a triangle: from 3° proposition of the first 
book of Apollonius. 
 

 
PROPOSITION III 

 
The circle in the moon which divides the dark an the bright 

portions is least when the cone comprehending both the sun 
and the moon has its vertex a tour eye. 

For let our eye be at A, and let B be the centre of the sun, let C be 
the  centre of the moon when the cone  comprehending both the sun 
and the moon has its vertex at our eye, let D be the centre when this 
is not the case.It is then manifest that A,C,B are in a straight-line. 
Let a plane be carried through AB and D, this plane will cut the 
spheres in circles and the cones in straight-linesA.. This plane will 
produce also, in the sphera on wich the centre of the moon moves, 
the circle CD, therefore A is the centre of this circle, according to 
our hypothesisB. This plane will produce on the sun the circle EFR 
and on the moon the circle HKL, when the cone comprehending both 
the sun and the moon has its vertex at our eye, and in the circle MNX 
when this is not the case. This plane will also produce on the cones  
the straight-lines  EA, AG, PO, OR and axes AB, BO. Since, as the 
radius of the circle EFG is to the radius of the circle HKL, so is the 
radius of the circle EFG to the radius of the circle MNXC, but, as the 
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radius of the circle EFG 
is to the radius of the 
circle HKL, so is BA to 
ACD; and as the radius 
of the circle EFG is to 
the radius to the circle  
MNX, so is BO to OD, 
therefore as BA is to 
AC so is BO to ODE 
and, dividendo, as BC 
is to CA, so is  BD to 
DO and also, 
permutando, as BC is to 
BD, so is CA to DO. 
And BC is less than 
BDF: for A is the centre 
of the circle CD, 
therefore CA i salso 
less than DO and the  
circle HKL is equal to 
the circle MNX 
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therefore HL is also 
less than di MX for 
the LemmaG. 
Therefore the circle 
drawn about the 
diameter HL, at right 
angles to AB, is also 
less than the circle 
drawn about the 
diameter MX at right 
angles to OB. But the 
circle about the 
diameterHL at right 
angles to to AB is the 
circle which divides 
the dark a nd the 
bright portions in the 
moom, when the cone 
comprehending both 
the sun and the moon 
has its vertex ay our 
eye, instead the circle 
about the  diameter  
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MX, at right angles to BO, divides the dark and the bright portions 
in the moon when the cone comprehending both the sun and the 
moon has not its vertex a tour eye. Consequently the circle which 
divides the dark and the bright portions in the moon is less when the 
cone comprehending both the sun and the moon has its vertex at our 
eye. 

 
Federico Commandino 

 

A. And the cones in straight-lines: this will indeed generate triangles: 
from 3° proposition of first book of Apollonius Conics. 

B. According to our hypothesis: from second hypothesis of this book, 
indeed we have supposed that the earth is in the relation of a point 
and centre to the sphere in wich the moon moves. 

C. Since, as the radius of the circle EFG is to the radius of the circle 
HKL, so is the radius of the circle EFG to the radius of the circle 
MNX: from 7° proposition of fifth book of Elements: a magnitude 
compared to equal magnitudes is in the same relationship. 

D. As the radius of the circle EFG is to the radius of the circle HKL, so 
is BA to AC: indeed let be jointed C to H and let be draw through  
B the straing-line BG parallel to CH, the triangle ABG will be 
similar to the triangle ACH. As GB is to BA so HC is to CA for the 
4° proposition of sixth book and permutando as GB is to HC, wich 
are the radii of the circles EFG and HKL, so BA is to HC, and  
similarly it is shown that as the radius of the circle EFG is to the 
radius of  circle MNX, so BO is to OD. 

E. as BA is to AC so is BO to OD: from 11° proposition of fifth book 
of Elements. 

F. And BC is less than BD: from 8° proposition of third book of 
Elements. 

G. therefore HL is also less than di MX for the Lemma: I have never 
verified where this  lemma is stated, but however itself is   
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 proved in 24° proposition of Euclid’s Optics. Since AC is also less than 
OD, when our eye is at A, we observed a less portion of the moon than 
when our eye is at O; also after having joined H to L and  M to X, HL 
will be  less than the same MX. 

 
 

PROPOSITION  IV 
 
 The circle which divides in the moon the dark and the bright 

portions is not perceptiibly different from a great circle in the 
same moon. 

 
For let our eye at A and let  

B the centre of the moon. Let 
a plane be carried through 
joined AB, this plane will 
cut the sphere in a great 
circle ECDF and the cone in 
the straight-lines AC, AD, 
DC. Then the circle about 
the diameter CD, at right 
angles to AB, is the circle 
which divides the dark and 
the bright portions in the 
moon. I say that it is not 
perceptibliìy different from 
the great circle. 
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For let EF be drawn through B parallel to CD and GH & GK both 
be made half of arc DF. Let KB, BH, KA, AH, BD be joined. Then 
since, by hypothesis, the moon subtends a fifteenth part of a sign (of 
the zodiac), therefore the angle CAD stands on a fifteenth part of a 
sign. But a fifteenth part of a sign is a eightieth part of the wohle 
zodiac, so that the angle CAD stands on a eightieth of the whole 
zodiac, i.e.1/45th of a right angle, but the angle BAD is  his half, 
therefore the angle BAD is 1/45th part of half a right angle and the 
angle ADB is right, the angle BAD has to half a right angle a ratio 
grater than that which  BD has to DAA, accordingly BD is less than 
1/45th   part of the same DAB; BG is much less than 1/45th  part of 
the same BAC and, dividendo, BG is less than 1/44th part of the same 
GA, consequently BH is also much less than 1/44th of the same  HAD, 
and BH has to HA a ratio greater than that which the angle  BAH 
has to the angle ABHE. Therefore the angle BAH is less than 1/44th   
part of the angle ABHF, and the angle KAH certainly is double of 
the angle BAH, but the angle KBH is also double of the angle ABH, 
consequently the angle KAH is also less than 1/44th part of the same 
angle KBHG. But the angle KBH is equal to angle DBFH, that is, to 
the angle CDBK, that is to the angle BADL. Therefore the angle KAH 
is less than 1/44th   part of the angle BAD. But the angle BAD is 
1/45th of half a right angle, i.e. 1/90th part   
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of a right angle, 
accordingly the angle 
KAH is less than 1/3960th 
part of a right angle, but of 
course a magnitude seen 
under such an so little 
angle is imperceptible to 
our eye. And the arc KH is 
equal to the arc DF; 
therefore DF is  
completely imperceptible 
to our eye. In fact, if A & 
FM be joined, the angle 
FAD will be less than the 
angle, KAH. Therefore 
the point D will seem to be 
the same with F. For the 
same reason C will also 
seem to be the same with 
E; consequently CD is not 
perceptibly different from 
the same EF. Therefore 
the circle which divides 
the dark and the bright 
portions in the moon is not 
perceptilly different from a great circle. 

 
 
 

Federico Commandino 
 
 

A. and the angle ADB is right, the angle BAD has to half a right angle 
a ratio grater than that which  BD has to DA: let be drawn in another 
part the triangle ABD and let part, on the same DA, 
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DL equal to DB and let be  joined B & L; the angles DBL and DLB 
of triangle BLD will be equal to each other and since the angle D 

is right, both of them will be half right angle and so ABD & LBD 
are two  triangles at right angles in D; then the side  BD of 
triangle ABD is common to the triangle LDB, and the side AB is 
greater than the  side LB, so, for what we have shown in the 
commentaries to the Archimedes book Sand Reckoner, the angle 
BLD has to the angle BAD a ratio certainly grater than that wich 
the side BA has to the side BL, however a ratio less than that wich 
the side AD to the side DL.  Therefore, invertendo, from 26° 
proposition of fifth book of Elements, that we have added from 
Pappus, the angle BAD has  a  ratio to the angle BLD, that is half 
right angle,  greater  than that the side DL, equal to BD, to  DA.7° 

prop. of  fifth b.  
B. Accordingly BD is less than 1/45th   part of the same DA: indeed, as 

the angle on BAD is to half right angle, so will be a some straight-
line, in wich M will be 1/45th  DA, to same DA, and will have a ratio 
to DA grater than BD to DA. Then BD10° prop. of fith b. is less than M and 
therefore less  than 1/45 part of the same DA .                              

C. BG is much less than 1/45th  part of the same BA: Indeed BG is equal 
to BD, and BA is greater than AD, considering that BA is subtended 
by a greater angle. 

D. Consequently BH is also much less than 1/44th of the same  HA: 
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    indeed BH is equal to BG; then HA is greather than GA from 8° 
proposition of  tirth book of  Elements. 

E. BH has to HA a ratio greater than that which the angle BAH has to 
the angle ABH: We drawn the circle  

 
AHB around the triangle ABH , the straight-line AH will have to the 
straiht-line HB a ratio less than the circle AH to the circle HB, has 
Ptolemy proved at the beginning of Liber Magnæ Costructionis. As 
then the arc AH is to the arc HB, so theangle ABH is to the angle 
BAHlast of 6° b.. The straight-line AH has to the straight-line HB a ratio  
less, than that wich has to the angle ABH to the angle BAH 31 of 5° b. 
Consequently, convertendo, in according to proposition 26 of fifth 
book,  the straight-line BH has a ratio to the straight-line HA less 
than that wich the angle BAH has to angle ABH. 

F.  Therefore the angle BAH is less than 1/44th   part of the angle ABH: 
certainly  minovery less.  

G. Consequently the angle KAH is also less than 1/44th part of the same 
angle KBH: from 15° proposition of fifth book of Elements. 

H. But the angle KBH is equal to angle DBF: so in fact by hypothesis. 

K. That is, to the angle CDB: from 29° proposition of first book of 
Elements. 

L. that is to the angle BAD: from 8° proposition of sixth book of 
Elements. If  we join A34 with F, the angle FAD will be less than the 
angle KAH. 

 
Pappus in the same place 

 
We now describe a lemma of those mentioned 
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by fourth theorem, worthy of being examined, of the same book,. 

 
For let be described the circle ABC, let  produced its diameter ACD; 
let E be  its center, and let be drawn BEF from point E at right angles 
to ACD; let be produce from D DH what touches the circle ABC, 
and an arc equal to FH  is located on either side of C, that are KC e 
CL and let be joined A & D, D & L, F & D. I say that the angle KDL 
is  greather  than the angle FDH.  
Let say before this. 

Let be drawn the circle ABC whose produced diameter is ACD; 
from point D let be drawn any right-line DEF. I say that the arc AF 
is greater than arc CE. 

Indeed let assume the center of the circle G: let be joined also G 
& F and G & E. The angle to F will be equal angole in E5° Prop. of first 

b.. Since GFD is a triangle, then the exterior angle AGF is greather 
than he interior and also  opposite which is in F; i.e. at E; but The 
angle in E is greater    
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than the angle GDE, since  the same is exterior to the  triangle: the 
angle AGF will be greater than the angle EGD. But these angle are 
also central angles. The arc AF is then greather than arc CE, as it 
was necessary to demonstrate. 
 

 
Let be take into consideration the circle AB with center in D and 

let be C a point esterior to the circle and let be drawn CDK and also  
CF what touches  
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the circle. After let be drawn DA through the center D, at right angles 
to same diameter KL, and let the arc AF be cut in two parts in point 
E. Let be also joined CBA & CGE.  

 I say that angles ACE is greater than the angle ECF. 
Let be joined indeed EB & FG and since EB is greater than FG, 

and BC is less than CG, EB will have a ratio to BC greater than tath   
FG have to GC.3° prop. of fift b. So as  EB is to BC, so HG is to GC.21° prop. 

of tirth b. Let be joined also H & C. Therefore so the angles ABE and 
EGF are equal to each other, since the arc AE  is equal to arc EF13° 

prop. o f first b. , also the remaining angles EBC and FGC are equals,also 
the  correspondent sides to equal angles are proportional, the 
triangle EBC will be equiangular with the triangle HGC.6° prop. del sesto 
Therefore the angles ACE and ECH are equal to each other. The 
angle ACE is consequently greater than the angle ECF. 

We considered at last the same foregoing image, unchanged. I say 
that the angle KDL is greater than angle FDH. 

We cut the arc FH in two parts at point M and we joint M & D. He 
is evidently, for what it has been shown just now, that the angle FDM 
is greather than the angle MDH. Let be produce FEB and DL at 
points N and X, and let NF be equal indeed to AD,let be joined also 
N & M and N & D. Therefore since ABC is the circle, of which the 
ACD diameter has been produced and DLX has been drawn from 
point D towards the circle concavity,39° prop. of this the arc AX will be 
greater maggiore than arc CL; but CL is equal to FM, both in fact 
are half arc FH; therefore the arc AX is greater than FM. Let the 
arc AO indeed be equal to MF and let be joined A & O and O & D; 
since the semicircleAFC is equal to the semicircle  FCB, of wich AO 
is equal to MF, also the remaining OC will be equal to remaining 
MB, but the angle DAO howevwr insist  in the arc OC, as also the 
angle NFM insist  in the arc MB27° prop.ofl tirth b. ,then the angle DAO is 
equal to the angle NFM,31° prop. of tirth b.but both are less than a right 
angle retto, and since 
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AD  is equal to FN, and AO35 is indeed equal to FM, both DA and AO are equal 
to both  NF and FM, and the angle DAO is equal to the angle NFM, 
consequently  both the base OD is equal to the base NM, and the remaining  
angles are equal to the remaining angles, then the angle ADO is equal to the 
angle FNM.  

Again since FAB is a arc of semicircle, FABG will be greater than the  
semicircle, on wich stands the angle FMG, then FMG is greater than a right 
angle,3°prop. of tirth b. but the right-line FR subtend the same angle, while RM 
subtend  the acute angle RFM, therefore FR is greater than RM.19° prop. of first b. 
Then let be produce RM to S, and let be RS just equal to FR. Since the whole 
ACD is equal to wole FBN, of wich AE is equal to EF, the remaining ED will 
be equal just to EN; 5°prop. of firts b. therefore the angle EDN is equal to the angle 
END and ADN is greater than the angle DNR; therefore the side NR is greater 
than the side RD; let be  produce RD to Y and suppose RY equal just to  NR  
and let joined S & Y. 
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Since then FR is equal to RS, and NR is equal just to RY, both FR ed RN are 

equal to the two SR and RY, and the angle FRN is equal to the angle SRY 
because are at the vertex, then also the base NF is equal to the base SY, and 
the remaining angles are equal to the remaining angles,4° prop. of first b. therefore 
the angle RFN is equal to the angle RSY, but the angle RMD is greater than the 
angle RSY, because is exterior to triangle, then the angle RMD is greater than 
the angle RFN, and  also the angle FRN  is equal to the angle MRD, 
consequently the remaining  FNR is greater than the remaining RDM. 
Moreover it was proved that the angle FNR is equal to the angle ADO, then the 
angle ADO is greater than the angle RDM,  therefore  the angle ADX is greater 
than the angle RDM, the angle KDL is also twice the angle ADX and we have 
shown that the angle FDH is less than twice of the angle RDM; therefore the 
angle KDL will be greater to the angle FDH. 

 
 

PROPOSITION  V 
  

When the moon appears to us halved, the great circle, wich is very near 
the circle which divides the dark and the bright portions in the moon, is 
then in the direction of our eye; that is to say, the great circle, what is 
very near the dividing circle, and our eye are in one plane. 
 
When the moon is halved, the circle which divides the bright and the dark 
portions of the moon is in the direction of our eye;3° hypotesis but the great circle 
is indistinguishable from that,4° hypothesis what is very near the dividing circle, 
therefore, when the moon appears us halved, the great circle very near to the 
dividing circle is then in the direction of our eye. 
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PROPOSITION  VI 
 

The moon moves lower36 than the sun, and, when it is halved, is 
distant less than the quadrant from the sun. 

 
 

   Let our eye be at A, and let B be the centre of the sunA; let A & B 
joined and let a plane be carried through right-line AB and the centre 
of the halved moon. This plane certainly will cut in a great circle the 
sphere on which the centre of the sun moves: let the circle CBD be 
done; and from  point A let CAD be drawn at right angles to same 
AB,  
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Then the arc BD is that of a quadrant. I say that the moon moves lower 
than the sun, and, when halved is distant less than a quadrant from the 
sun: that is to say is center is contaibed between the straight-lines BA, 
AD and the arc DEB. Let us suppose that it is not, let its centre of the 
same F between the straight-lines DA & AL and let also B & F be 
joined, then will BF be the axis of the cone which comprehends both 
the sun and the moon and will be at right angles to the great circle which 
divides the dark and the bright portions in the moonA. Indeed let be 
GHK the great circle which divides the dark and the bright portions in 
the moon. Then since, when the moon is halved, the great circle, just by 
the circle which divide the dark and the bright portions in the moon, and 
our eye are in one planeB, let A&F be joined. Therefore AF is in the 
plane of the circle KGH; but then also  BF is at right angles to the circle 
KGH, therefore also to AF, and for this reason  the angle BFA is right,C 
but the angle BAF is obtuseD, which is impossible. Therefore the point 
F is contained in the space into the angle DAL. I say that is it not even 
on the same AD. In fact we suppose it be point M: and again let B&M 
be joined; and let the great circle be just by to the dividing circle, its 
centre being M. Then, whith the same reasoning, it can be shown that 
the angle BMA is right to the great circle, but the angle BAM is right, 
which is impossible. Therefore the centre of the moon, when halved, is 
not on AD, therefore it is between the right lines BA and AD. Moreover 
I say that is also within the arc BED: let us suppose in fact that it be, 
outside, at point N, and let the same constructions be made, we can 
proved that the angle  BNA is right, therefore BA is greater than AN: 
which is impossible. Therefore the centre of the moon, when halved, is 
not outside the arc BED. Similary it can be proved that neither it placed 



78 
 

  



79 
 

 

on the arc  BED itself, therefore it needs be within itself, The moon 
moves lower than the sun, and, when it is halved, is distant less than 
the quadrant from the sun. 

 
Federico Commandino 

 

A. BF be the axis of the cone which comprehends both the sun and the 
moon and will be at right angles to the great circle which divides the 
dark and the bright portions in the moon: from the demonstration 
contained in tirth proposition of this book. 

B. Since, when the moon is halved, the great circle, just by the circle 
which divide the dark and the bright portions in the moon, and our 
eye are in one plane: from antecedent. 

C. For this reason  the angle BFA is right: from tirth definition of 
eleventh book of Elements. 

D. But the angle BAF is obtuse: indeed the three angles of triangle ABF 
would be greater tha two right angles. 

 
 PROPOSITION  VII 

       
The distance that separates the sun from the earth is greater 

than eighteen times, but less than twenty times, the distance of 
the moon from the earth.37 

Let A be the centre of the sun, whilst B that of the earth B, let A& 
B be joined and produced; let C be the centre of the moon when 
halved, let a plane be carried through AB and C which cut the sphere 
and let be the great circle ADE thath on which the centre of the sun 
moves, and let A&C and C&B be joined and let BC be produced to 
D.  
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The angle ACB will be certainly right, because the point C is the 
centre of the moon when halved; let BE be drawn from B at right 
angles to BA itself, then the arc ED will be one-thirtieth part of arc 
EDAA; indeed, by hypothesis, when the moon appears to us halved, 
its distance from the sun is less than a quadrant  by one-thirtieth of 
a quadrant, therefore the angle BC is also one-thirtieth part of a right 
angle. Let the parallelogram AE be completed and let B&F be 
joinedB, the angle FBE will be half a right angle. Let the angle FBE 
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be bisected by the straight line BG, then the angle GBE is one fourth  
part of a right angle, but DBE is also one thirtieth part of a right 
angle, therefore the ratio of the angle GBE to the angle DBE is that 
which 15 has to 2; if we divided a right angle into 60 equal parts then 
the angle GBE is made up of 15 of those parts, while the angle DBE 
of 2. Since GE has to EH a ratio greater than that which the angle 
GBE has to the angle DBEC, therefore GE will have to EH a ratio 
greater than that which 15 has to 2; but since BE is also equal to EF, 
at the angle at E is right, therefore the square on FB is double 
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of the square on BE. But as the square on FB is to the square on BE, 
so is the square on FG to the square on GED; therefore the square on  
FG will be double of the square on GE. But 49 is less than double of 
25, so that the square on FG has to the square on GE a ratio greater 
than that which 49 to 25 and FG itself has to GE a ratio  greater than 
that 7 has to 538; but, componendo, FE has to EG a ratio greater than 
that which 12 has to 5, that is, than that which 36 has to 15, then it 
was proved that also GE has to EH a ratio greater than that which 15 
has to 2; therefore for direct proportionality, FE will have to EH a 
ratio greater than that which 36 has 2, that is, than that  18 has to 1,  
for this reason FE is greater than 18 times EH; now FE is equal to 
EB, therefore BE is also greater than 18 times EH, therefore BH will 
be much greater than 18 timesE; but as BH is to HE, so is AB to BC  
because of the similarity of the trianglesF; therefore AB is also 
greater than 18 times BC; but AB is the distance of the sun from the 
earth, as CB is the distance of the moon from the earth, therefore the 
distance of the sun from the earth is greater than 18 times the 
distance of the moon from the earth. I say that it is also less than 20 
times that distance. Let DK be drawn through D parallel to EB,  and 
about the triangle DKB let also the circle DKB be described, then 
DB will be its diameter because the angle at K is right; and let BL 
be fitted into the circle as the side of a hexagon. Then since the angle  
DBE is one thirtieth part of a right angle, the angle DBK is also one  
thirtieth part of a right angle; therefore the arc BK is one sixtieth part 
of the whole circle, but also BL is one six part of the whole circle 
therefore BL is then times the arc BK, but the arc BL has to the arc 
BK a ratio greater than that which the straight line BL has to the  
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straight line BKG, therefore the straight line BL is less than the 
increased tenfold BK; then BD is double of BLH; therefore BD will 
be less than 20 times BK; but, as  DB is to BK , so is AB to BCK. 
Therefore AB will also less tha 20 times BC; but AB is the distance 
of the sun from the earth, while BC is the distance of the moon from 
the earth; therefore the distance of the sun from the earth is  less than 
20 times the distance of the moon from the earth, but it was before 
proved that it is greater than 18 times that distance, as it was 
necessary to prove. 
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Federico Commandino 
 

A.  Then the arc ED will be one-thirtieth part of arc: so we represent 
this in the picture, indeed, due to the lack of space, we are forced to 
represent the DE arc much larger than the 30th part of the EDA arc. 

B. Let the parallelogram AE be completed and let B&F be joined: and 
let also BD produced up to H on the straight line FE.  

 
C.  Since GE has to 

EH a ratio greater 
than that which the 
angle GBE has to 
the angle DBE: we 
will prove with this 
lemma: let ABC 
be a triangle at 
straight angle to C 
and let assume on 
the straight line 
AC any point D 
and let  be D&B 
joined. I say that the straight line AC has a ratio greater  to the 
straight line, CD, than that which the angle ABC  has to the angle 
DBC. Indeed let the arc EDF be drawn with center at B and radius 
BD and let BC be produced up to F; so, since the triangle ABD is 
greater than the sector EBD, then the triangle DBC is less than the 
sector DBF, the triangle ABD will be to the triangle DBC a ratio 
greater than that which  the sector EDB has to the sector DBF; then 
as the triangle ADB is to the triangle DBC, 
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so is the straight line 
AD to the line DC; as 
theil sector ABD is to 
the sector DBC, so 
the angle ABD is to 
the angle DBC; then 
the straight line AD 
has to DC a ratio 
greater than that 
which the angle ABD 
has to the angle 
DBC; and, 
componendo, the 
straight line AC has to CD  a ratio greater than that which the 
angle ABC has to the  angle DBC.39 

D. But as the square on FB is to the square on BE, so is the square 
on FG to the square on GE: in fact since the angle FBE is cut  in 
two equal parts by the straight line BG, from third  proposition 
of sixth book of  Elements, as FB is to BE so FG is to GE; 
wherefore from 22° of this book, as the the square on FB is to the 
square on BE, so the square on FG is to the square on GE.  

E. Therefore BH will be much greater than 18 times HE: in fact BH, 
wich extend below the greater angle, which is right, is greater 
then BE. 

F. But as BH is to HE, so is AB to BC  because of the similarity of 
the triangles: let the perpendicular CM be drawn from point C to 
the base, that is from the right angle of the triangle AB; the 
triangles BCM and ACM will be completely similar between 
them, therefore the angle BCM, that is the angle HBE is equal to 
the angle BAC and the right angle ACB is equal to BEH also 
right, then the remaining ABC is equal to the remaining BHE, 
therefore the triangles are similar; then as BH is to  HE, so AB 
is toBC. 

G. but the arc BL has to the arc BK a ratio greater than that which 
the straight line BL has to the  
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straight line BK: from the demonstrations of Ptolemy at the 
beginning of Liber Magnae Costructionis. 

 

H. Then BD is double of BLI: from the corollary of the fifteenth 
proposition of the fourth book of  Elements. 

K. But, as  DB is to BK, so is AB to: by similarity of the triangles 
BDK and ABC; in fact again the angle MCB, that is BDK is equal 
to the angle BAC and the right angle BKD to the right angle ACB 
and also the remaining will be equal to remaining. 
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NOTE  

1  Preclarissimus liber elementorum Euclidis perspicacissimi in artem 
Geometrie incipit quá foelicissime.Venetijs Erhardus Ratdolt. 1482. 

2  Euclide megarense philosopho: solo introduttore delle scientie 
mathematice diligentemente rassettato, et alla integrità ridotto per il degno 
professore di tal scientie Nicolo Tartalea, brisciano, secondo le due 
tradottioni e per comune commodo & utilita di latino in volgar tradotto 
Stampato in Vinegia MDXLIII. 

3   Archimedis Syracusani Philosophi ac geometrae excellentissimi Opera, 
quae quidem, omnia, multis iam seculis desiderata, atque à quam 
paucisimis hactenus visa, nunque primum et graece et latinae in lucem 
edita. 

4    s. Umberto Bottazzini. Antichi paradigmi e nuovi metodi geometrici. In: 
Storia della scienza moderna e contemporanea. Vol. primo. Dalla 
rivoluzione scientifica all’età dei lumi. Tomo primo. TEA 2000. 

5   s. Guido Castelnuovo: Le origini del calcolo infinitesimale nell’era 
moderna. Feltrinelli 1962. 

      Enrico Ruffini: Il “Metodo” di Archimede e le origini del calcolo 
infinitesimale nell’antichità. Feltrinelli 1961. 

6  “We indicate with the term of center of gravity, that particular point 
placed within each body, for which if one imagines with the mind 
that the grave is suspended, it remains stationary while being 
moved and also retains the position it had at the beginning: neither 
rotates during movement” 

7   “Now I am persuaded that if this work has pleased Your Excellency 
in the Latin garment, you will not mind in this our vulgar language” 
At the beginning of the book there is the following warning: 
“Admonendus es mihi, candide lector, auctorem hunc, quem tibi exibemus, 
Euclide usum in arabicam linguam converso, quem postea Campanus 
latinum fecit. Hoc dictum volui, ne in perquirendis propositionibus, quos 
ipse citat, quandoque te frustra excruciares.Vale.”  

    “I must warn you, dear reader, that the author, whom we now present 
to you, made use of the Euclid translated into the Arabic language, 
then made Latin by the Campanus. And so I wanted to tell you in 
order that in trying propositions cited by him, no worries you 
sometimes vain. It's healthy.” 

8    The Sand Reckoner. 
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9   For a more in-depth look at the Greek manuscripts handed down to us by 

Aristarchus, see the work of Thomas Heath, John Wallis and Fortia 
d'Urban. (note 11,13,22) 

10    It is an angular measure obtained by determining the angle between the 
earth-moon and earth-sun segments when the angle moon-earth and 
moon-sun is right. 

11   The recalculation of the earth-sun distance using the Aristarchus  method, 
but using the lunar elongation of 89 ° 51 ', is shown in note 40. 

12   Thomas L.Heath: Aristarchus of Samos, the ancient Copernicus; a history 
of Greek astronomy to Aristarchus together with Aristarchus’s treatise on 
the sizes and distances of the sun and moon  a new greek text with 
translation and notes. Oxford at the Clarendon Press, 1913. 

13   s.  Lucio Russo: La rivoluzione dimenticata § 2.8. Feltrinelli, 2008 
14  The passage is transalated by: Archimedis Syracusani Arenarius et 

Dimensio Circuli. Eutocii Ascalonitae in hanc Commentarius Cum 
versione & notis Joh. Wallis,SS.TH.D. Geometriae Professoris Saviliani 
Oxonii E Theatro Sheldoniano 1676 (Latin translation of the Greek text 
opposite). The passage presents some interpretative difficulties; for further 
discussion see Heath Thomas L. Aristarchus of Samos, the ancient 
Copernicus Oxford Clarendon press, 1913 p. 301 and f. 

15  To deepen the subject s.n. 12 and Pierre Duhem: Sauver les apparences 
Paris Vrin 2003 

16  First Kepler’s law: “sequenti capite, ubi simul etiam demonstrabitur, 
nullam Planetæ relinqui figuram Orbitæ, praeterquam perfecte ellipticam; 
conspirantibus rationibus. a principiis Physicis, derivatis, cum experientia 
obserrvationum et hypotheseos vicariae hoc capite allegata”.  

    Second Kepler’s law: a radius vector joining any planet centre to the centre 
of the sun sweeps out equal areas in equal lengths of time. 

17  Regula I: causas rerum naturalium non plures admitti debere, quam quae 
et verae sint et earum phaenomenis explicandis sufficiant. Dicunt utique 
philosophi: Natura nihil agit frustra, & frustra sit per plura quod fieri 
potest per pauciora. Natura enim simplex est & rerum causis superfluis 
non luxuriat. 

18   The greek notation is taken by Heath (s. n.11), by Fortia D’Urban (s.n. 
22) the same nambers are shown as follows: ρκε`θ,ψιβ´=1259712, 
`ζθ,φζ´=79507. Commandino does not say from which manuscript 
sources he transalated the text. 

19   De Arenae Numero or Arenarius.  
20   The sphere in which the moon moves. 
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21  Fortia D’Urban thus translates: “Lorsque la lune nous parait dikhotome 

(coupée en deux portions égales), elle offre à nos regards son grand cercle, 
qui détermine la partie éclairée et la partie obscure de cet aster”. However 
it seems clear to us that for circulum maximum we must understand the flat 
figure and not its perimeter, so it is the plane of the maximum circle that 
passes through our point of view. Commandino in fact distinguishes 
circulus from circumferentia. 

 Fortia D’Urban: Traité d’Aristarque de Samos, sur les grandeurs et les 
distances du soleil et de la lune et fragment de Héron de Bisance sur le 
mesures. Paris, Firmin Didot. 1823. 

22   Earth’s shadow. 
23  s.n. 23 
24   2° 
25  s.n. 23 
26 On the book Pappi Alexandrini Mathematicae Collectiones a Federico 

Commandino in Latinum Conversae et Commentariis Illustratae. Bononiae 
ex Typographia H.H.de Ducijs MDCLX it is given 0.40.40  

27   0°17’33” 
28   0°5’30” 
29  It is correctly given in the book of the note 27: diametri autem terrae 

quintupla, et adhuc dimidio maior. “diameter” this is an obvious mistake. 
30   No distinction is made in the text between the straight line and the segment 

of it. 
31   On the extension of AB. 
32   If A:B=C:D then (A+B):B=(C+D):D 
33  De iis quae vehuntur in aqua libri duo: Treatise on floating bodies 
      galleggianti. 
34  On text B (obvious mistake) 
35  On text DO (obvious mistake) 
36  You mean: below the sphere of the sun or, if you prefer, it has an orbit 

contained within that of the sun. 
37  If we try to repeat the reasoning of Aristarchus by hypothesizing that the 

lunar elongation in quadrature is not 87 ° but 89 ° 51 '(ie 5391'), the distance 
of the sun from the earth falls between 360 and 400 times the distance of 
the moon from the earth. This result is close to the currently accepted 
average one. 

 
For instance: 
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4. Hypothesis 
 When the moon appears us halved, its distance from 
the sun is then less than a quadrant by six hundredth of 
a quadrant (or 9’), i.e. 5391 parts, these in fact differ from 
nine parts, which are the seventeenth part of 5400, by 
5400 parts of a quadrant. 

 
 
 

 PROPOSITION  VII 
 

 The distance that separates the sun from the earth is greater than three 
hundred and sixty times, but less than four hundred times, the distance of 
the moon from the earth. 
 
 Let A be the centre of the sun, whilst B that of the earth B, let A& B joined 
and produced; let C be the centre of the moon when halved, let a plane be 
carried through AB and C which cut the sphere and let be the great circle 
ADE thath on which the centre of the sun moves, and let A&C and C&B 
be joined and let BC be produced to D. The angle ACB will be certainly 
right, because the point C is the centre of the moon when halved; let BE be 
drawn from B at right angles to BA itself, then the arc ED will be one-
thirtieth part of arc EDA; indeed, by hypothesis, when the moon appears to 
us halved, its distance from the sun is less than a quadrant  by one-thirtieth 
of a quadrant, therefore the angle BC is also one-thirtieth part of a right 
angle. Let the parallelogram AE be completed and let B&F be joined, the 
angle FBE will be half a right angle. Let the angle FBE be bisected by the 
straight-line BG, then the angle GBE is one fourth  part of a right angle, but 
DBE is also one six hundredth part of a right angle, therefore the ratio of 
the angle GBE to the angle DBE is than which 15 has to 1/10; if we divided 
a right angle into 60 equal parts then the angle GBE is made up of 15 of 
those parts, while the angle DBE of 1/10. Since GE has to EH a ratio greater 
than that which the angle GBE has to the angle DBE, therefore GE will 
have to EH a ratio greater than that which 15 has to 1/10; but since BE is 
also equal to EF, at the angle at E is right; therefore the square on FB is 
double of the square on BE. But as the square on FB is to the square on BE, 
so is the square on FG to the square on GE; therefore the square on  FG 
will be double of the square on GE. But 49 is less than double of 25, so that 
the square on FG has to the square on GE a ratio greater than that which 49 
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to 25 and FG itself has to GE a ratio  greater than that 7 has to 5; but 
componendo FE has to EG a ratio greater than that which 12 has to 5, that 
is, than that which 36 has to 15, then it was proved that also GE has to EH 
a ratio greater than that which 15 has to 1/10; therefore for direct 
proportionality, FE will have to EH a ratio greater than that which 36 has 
1/10, that is, than that  360 has to 1,  for this reason FE is greater than 360 
times EH; now FE is equal to EB, therefore BE is also greater than 360 
times EH, therefore BH will be much greater than 360 times; but as BH is 
to HE, so is AB to BC  because of the similarity of the triangles; therefore 
AB is also greater than 360 times BC; but AB is the distance of the sun 
from the earth, as CB is the distance of the moon from the earth, therefore 
the distance of the sun from the earth is greater than 360 times the distance 
of the moon from the eart. I say that it is also less than 400 times that 
distance. Let DK be drawn through D parallel to EB,  and about the triangle 
DKB let also the circle DKB be described, then DB will be its diameter 
because the angle at K is right; and let BL be fitted into the circle as the 
side of a hexagon. Then since the angle DBE is one six hundredth  part of 
a right angle, the angle DBK is also one  six hundredth part of a right angle; 
therefore the arc BK is one sixtieth part of the whole circle, but also BL is 
one six part of the whole circle therefore BL is two hundred times the arc 
BK, but the arc BL has to the arc BK a ratio greater than that which the 
straight line BL has to the straight line BK, therefore the straight line BL is 
less than the increased two hundredfold BK; then BD is double of BL; 
therefore BD will be less than 400 times BK; but, as  DB is to BK , so is 
AB to BC. Therefore AB will also less tha 400 times BC; but AB is the 
distance of the sun from the earth, while BC is the distance of the moon 
from the earth; therefore the distance of the sun from the earth is  less than 
400 times the distance of the moon from the earth, but it was before proved 
that it is greater than 360 times that distance, as it was necessary to prove. 

38  The Pythagoras theorem states that the square of the hypotenuse is equal to 
the sum of the squares of the catheti. In the case of triangle FEB the catheti 
are equals, consequently, if the value 5 is assigned to the catheti, the square 
on the hypotenuse will be 50, but the number 49, which is earlier, has as 
its square root 7. This allows an approximate expression of the 
square root of 2 (50 =25x2,    √50 = √252√5 = 2ݔ, but √50  ~ 7 therefore 

7 ~ 5√2,  then ଻
ହ
 ~ √2). 

39 As demonstrated by Commandino can be expressed with the known 
proposition:      (ABC>DBC<90°) 
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